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IKTRODUCTION 
As is well known from the theory of algebraic groups one cannot deform 
maps from a diagonalizable group to a linear algebraic group except in a 
trivial manner: i.e., by conjugation with inner automorphisms of the target. 
The aim of this note is to prove a noncommutative analogue of this result 
in which linear algebraic groups are replaced by finitely generated (non- 
necessary commutative) bialgebras and diagonalizable groups are replaced 
by cancellative monoid algebras (cf. Theorem 9 below). Our proof uses 
Hopf algebra-theoretic arguments plus an argument of differential algebra 
[3]. Some of our computations are inspired from the arguments in [2] 
involving Hochschild cohomology. On the other hand note that our 
Corollary 11 seems to be new even in the commutative case. 
1. Notation. Throughout the paper k is a field, @ = Ok, Horn = Horn,. 
H is a finitely generated k-bialgebra with comultiplication 
A:H+H@Handcounita:H-+k. 
Terminology will be borrowed from [4]. 
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2. LEMMA. There is a k-bialgebra map 7c : H -+ A with a jhitely generated 
commutatil:e Hopf k-algebra A such that T( induces a group isomorphism 
Alg(A, R) = Alg(H, R)” (group of units) 
for all cornmutatise k-algebra R. Further, z induces an isomorphism $ Lie 
R-algebras 
Der,( A, R) = Der,(H, R), 
where Der, means the set of all k-linear E-derivations. 
Proof: The k-monoid functor R H Alg(H, R) is algebraic affine, hence 
so is the group of units. The latter follows from the former by applying to 
R[X];(X’). Q.E.D. 
Consider the right coaction 
p: H-+HQA, p(*x) = c “(2,Q S(4,~(l))i dX(3,). 
where S is the antipode of A. We will also use the standard notation 
Pb)=~x(,)Q-~,l,. For any commutative k-algebra R. R@ H is a left 
Hom(A, R)-module. (Hom(A, R) is an R algebra with convolution 
product.) The left action by u~Hom(A: R) is denoted by C(u). Thus 
C(z) : R @ H -+ R @ H is R-linear with 
3. LEMMA. (a) If UE Alg(A, R) = (=Alg(H, R)“), therz C(t4) is an 
R-bialgebra automorphism, and we hat-e 
(b) Zf u E Der,(A, R) (=Der,(H, R)), then C(u) is an R-linear 
derivation, and we hate 
c(zc)(x) =I u(x(,,)ox(?) -C u(~~,,)Qx(,,, XE H 
(This is easy to prove. Use u 3 S = -u in (b).) 
Let K be a d-field with k = K“. For j, E A, let a,: K + K be the 
corresponding derivation [ 1, 31. 
Let r be a cancellative monoid (i.e., ab = ac or ba = co with a: b, c E r 
implies b = c) and let 
be a K-bialgebra map. 
16 BUIUMAND TAKEUCHI 
4. LEMMA. The family (~1~)~~ r in Hom(H, K) satisfies the following 
properties: 
(i) For all x E H, w,(x) = 0 for almost all g E r, 
(ii) wgwh = 6,,w, for g, h E r with Kronecker’s 6, 
(iii) xg wg(x) = E(X), x E H, 
(iv) W,(XJJ) = &=g.g.. w,,(x) wg..(4:), g E r, x, y E H, 
(v) M.g(l)=Sg,L, gEr. 
(This is only a rephrasing of the fact that f is a K-bialgebra map.) 
5. Remark. We have by (ii) 
6. LEMMA. For LEA, 
8;.: H+ K, eL(x) = 1 “g(x(l)) si(“g(x(*))) 
s 
is a k-linear .+derication. 
(This follows from (i) to (iv) by using the assumption that r is 
cancellatitie.) 
7. LEMMA. For 1. E A. put 
D,=b;@H+C(B;,) 
which is a k-linear derioation of KQ H. (Note that C(0,) is a K-litlear 
derioation). The diagram 
commutes. 
ProoJ Enough to check on x E H. Since S ;. vanishes on 
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Using this and Lemma 3(b) we have 
By Remark 5, we have 
We make K@ A into A-algebra over K as follows: For i. E A, define 
which is a k-linear derivation. 
The following lemma is crucial. 
8. LEMMA. If u: K@ A -+ K is a homomorphism of A-algebras ouer K 
(identify’ u E Alg(A, K) = Alg(H, K)“), then we have commutative diagranzfof 
all j”~ A: 
K@H c(u! K@H 
I 
6;.?3ff i D;. 
K@H C’“‘K~H 
Proof. Enough to check on XE H. Recall C(u)(x) = C u(-x(~))@x~~), 
hence we have 
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The assumption says that we have 
i.e., 
It follows that we have D,( C(U)(X)) = 0. 
We can now state and prove our main result. 
Q.E.D. 
9. T’HEOREM. Let K/k be a field extension with k algebraically closed of 
characteristic 0. Let H be a finitely generated k-bialgebra and let r be a 
cancellatioe monoid. If 
f: K@ H-+ K[r] 
is a K-bialgebra map; there is an invertible k-algebra map u: H + E, where 
R/K is some field extension, such that the composite 
is defined over k, i.e., it comes from a k-bialgebra map 
H+ k[I-1. 
ProoJ By assumption, there is a set A of derivations of K such that 
k = Kd. The A-algebra KO A is finitely generated over K. Take a maximal 
radical A-ideal nz of K@ A. Then it is prime. Let x be the quotient field of 
K@ A/m. Then z’ is algebraic over Kd = k (This is due to Kolchin in case 
of partial A- fields [3] and extends to general A-fields easily Cl].) Since k 
is algebraically closed, we have KA = k. Replacing the A- field K by its 
extension $ we can assume there is a homomorphism K@ A + K of 
A-algebras over K, i.e., the assumption of Lemma 8 is satisfied. This 
homomorphism is identified with an invertible k-algebra map U: H + K. It 
follows from Lemmas 7 and 8 that the composite 
commutes with the trivial A-algebra structures 6;. 0 H and 6, @ k[r]. This 
means it maps H into k[r], since k = KA. Q.E.D. 
10. Comments. An obvious specialization argument shows that the 
extension R/K in Theorem 9 can be chosen finite algebraic (use finite 
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generation of H). On the other hand, the explicit form of fll given in 
Lemma 6 is used only in Lemma 7. The crucial Lemma 8 is valid for any 8, 
if we define D, and (I; by using 6,. This admits the following generalization 
from monoid bialgebras to general bialgebras. 
11. COROLLARY. Let IC;k be an extension of fields with k algebraica$~ 
closed of characteristic 0. Let H and F be k-bialgebras with H j?nite!y 
generated and let f: KQ H -+ K@ F be a K-bialgebra map. Assume there 
is a set d of derications of K such that k = KA and f”or any ;. E 0 there 
is 8;~Der,(H. K) such that (6,OF)-f=f:(6,~H~+C(8,;-)). Theu the 
concl~aion of Theorem 9 is true with F instead o,f k[r]. 
The above Corollary implies, roughly speaking, that ‘infinitesimal” and 
“global” rigidity of bialgebra maps are equivalent up to base change. 
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